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By analyzing super-torsion and brane super-cocycles, we derive a new duality in M-theory, which
takes the form of a higher version of T-duality in string theory. This involves a new topology
change mechanism abelianizing the 3-sphere associated with the C-field topology to the 517-torus
associated with exceptional-generalized super-geometry. Finally we explain parity symmetry in
M-theory within exceptional-generalized super-spacetime at the same level of spherical T-duality,
namely as an isomorphism on 7-twisted cohomology.
One of the fundamental open question in QFT and
in string theory is formulating the non-perturbative
theory. Since string theory seems to be the more
constrained of the two (see [1]), its non-perturbative
effects are more constrained, related to p-branes in
the theory [2, 3], governed by a web of subtle equiv-
alences, called dualities, notably T-dualities ([4, 5],
see [6]). These are indicative of an underlying non-
perturvative structure, namely M-theory (see [7]).
Certain well-known dualities do have an M-theoretic
origin, e.g. [8, 9].
Here, replacing the string with the M5-brane, we
uncover a duality fully within M-theory, which may
be formulated as a higher-structural analog of T-
duality in string theory. We derive this using con-
straints on super p-brane fluxes due to local super-
symmetry (supergravity) [10, 11] and use recent rig-
orous results of [12], which generalize a recent deriva-
tion [13] of the brane flux sector T-duality, previ-
ously proposed as “topological T-duality” [14].
Our derivation is rooted in the fundamental super-
torsion constraint of 11d supergravity [15, 16]. This
says that, while the world need not exhibit global
large scale supersymmetry, each tiny (mathemati-
cally: infinitesimal) neighborhood of any event in
spacetime is supersymmetric. Moreover, and this
is key to our analysis, the fermionic component of
the brane charges (fluxes) restricted to any of these
infinitesimal neighborhoods is constrained to be a
non-trivial solution to the supersymmetric Gauss
law (mathematically: a non-trivial cocycle in the
Chevalley-Eilenberg CE-complex of the supersym-
metry algebra) – see [17–19].
The full implication of these constraints has perhaps
not been fully appreciated until recently. Indeed, in
[13] we showed that these constraints already imply
the Buscher rules [4, 5] for the F1/Dp-brane charge
sector of T-duality.
Turning this around, it means that analysis of
these local supersymmetry constraints may be used
to systematically discover and analyze previously
unknown facts about M-theory. This way, we find
in equations (7) and (8) below the duality of M5-
branes exchanging 3-spherical wrapping modes with
non-wrapping modes, in higher analogy to how ordi-
nary T-duality exchanges winding modes of strings
within D-branes.
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2This yields an equivalence in 7-twisted cohomology,
as a special case of the general theory of [20], the
twist arising from the M5-brane flux. The physical
picture is similar to – but subtly different from – a
recent proposal for “spherical topological T-duality”
[21], in that the 3-sphere is not part of spacetime
itself, but of extended spacetime, as established in
[23]. The higher T-duality of M5-branes is related
to the fact that the flux for the M5-brane necessarily
has an algebraic form that is a higher-degree analog
of that of a T-dualizable H-flux in string theory; see
equation (3) below.
In fact, we observe that the 3-spherical fiber
over spacetime may be traded in for a 517-
dimensional torus bundle which turns out to real-
ize the exceptional-generalized geometry in M-theory
previously proposed by Hull [24].
The subtle nature of these 3-spherical wrapping
modes can be explained in terms of a new
“C-cohomology” of the C-field on exceptional-
generalized spacetime, see (14).
We emphasize that the new duality which we
present is of same nature as the “topological T-
duality” of [14], just in higher degree. In fact, it
is of the form of “spherical topological T-duality”
in the sense of [20, 21], except that we clarify that
the spherical fiber is either that of the C-field 2-
gerbe over spacetime, or a subtle kind of image of
that in the exceptional generalized tangent bundle.
This means that it is a duality (just) of the brane
charges (whence “topological duality”), incarnated
as an equivalence of the corresponding twisted co-
homology groups (see (8) below). We highlight that
the “topological T-duality” of [14] was motivated
from string theory, but not explicitly derived from it
(see [22] for discussion), until Ref. [13] showed that
its postulated axioms indeed follow from analysis
of the superspace torsion constraints of the F1/Dp
fluxes. Here, along with [12], we perform this kind of
superspace analysis, but now for the M-brane fluxes
instead of D-brane fluxes. We expect that a local
geometric version of the spherical T-duality in M-
theory, in which the metric appears explicitly, may
be derived analogously, using supersymmetric Car-
tan moving frames, as indicated above.
In this letter, we report on the following:
1. A new duality in M-theory: 3-spherical T-duality
for M5-branes.
2. A new topology change mechanism: transmuta-
tion of 3-spherical fiber to a 517-torus fiber.
3. Insight on understanding of the role of excep-
tional generalized super-geometry of this torus.
4. Lifting of parity symmetry on exceptional gen-
eralized spacetime to the level of spherical T-duality.
We also emphasize that this is a derivation of M-
theoretic structures from first principles, not involv-
ing any extrapolation from perturbative string theory
nor any conjectures or informal analogies from other
sources.
A NEW DUALITY IN M-THEORY
It turns out that the phenomenon of ordinary
T-duality, when restricted to its action on brane
charges (topological T-duality) is, at its heart,
encoded in the peculiar algebraic form of a T-
dualizable H-flux:
H˜3 = H3 + θ ∧ F ′2 . (1)
Here H3 is the basic H-flux on the base space over
which T-duality takes place, θ is the Maurer-Cartan
form on the torus bundle over that base space which
is being T-dualized, and F ′2 is the first Chern form
of the other, namely the T-dual torus bundle (an in-
dex contraction over torus directions is left implicit).
Relation (1) equivalently means that integrating the
H-flux over T-dualized directions yields the T-dual
Chern class:∫
T
H˜ = F ′2 , (2)
3which is the condition proposed in [14].
Now the 11-dimensional Chern-Simons term in
11d supergravity implies that the 7-form flux G˜7 to
which the M5-brane couples is of a similar algebraic
form, but in higher degree, controlled by the corre-
sponding supercocylce µ˜M5 [25]:
µ˜M5 =
1
5!ψΓI5ψ ∧ eI5 + c3 ∧ i2ψΓI2ψ ∧ eI2
G˜7 = G7 +
1
2C3 ∧G4
(3)
Here ΓIm and e
Im are shorthand for Γa1···am and
ea1 ∧ · · · ∧ eam , respectively. In the higher general-
ization of (2) this means that upon integration we
have ∫
S3
G˜7 = G4 . (4)
A subtlety here is that, contrary to the Maurer-
Cartan form θ in (1), the C-field C3 in (3) is not
in general globally defined on 11-dimensional space-
time. It does, however, become globally defined on a
higher-dimensional bundle over spacetime. Strictly
speaking, this is a higher bundle structure called
a 2-gerbe or B2U(1)-principal bundle. There, as a
first approximation, one may retain only those global
topological effects that may be detected by differen-
tial form data alone, hence by “higher Gauss laws”
(mathematically this means to work in “rational ho-
motopy theory”). Then this C-field 2-gerbe is equiv-
alently just a 3-sphere bundle over 11-dimensional
spacetime. In a dual incarnation, we can re-interpret
this rational 3-sphere bundle to have played a crucial
role in the elegant re-derivation of 11-dimensional
supergravity in [26].
This reveals that the C-field C3 may be thought
of as a higher degree analog of the Maurer-Cartan
1-form θ of a torus bundle, as indicated in the ta-
ble below. This is sufficient to deduce that the logic
of topological T-duality applies, revealing that there
is a higher analog on the 3-sphere bundle over 11-
dimensional super-spacetime of what in string the-
ory is Hori’s formula [27] for the Buscher rules on
RR-fields. The latter sends a D-brane flux eB2 ∧ C
to its T-dual flux given by (see [28])
eB
′
2 ∧ C′ =
∫
T
eP2 ∧ pi∗ (eB2 ∧ C) , (5)
where pi is the projection from the fiber product of
the given torus bundle with its T-dual torus bundle
and P2 is a canonical differential 2-form that this
carries, called the Poincare´ 2-form. Formally, T-
duality amount to this operation exhibiting an iso-
morphism in H-flux twisted de Rham cohomology:
H•+H˜3(X10IIA)
∫
T
eP2∧pi∗(−)
'
// H•+H˜
′
3(X10IIB) . (6)
By higher generalization, there is a similar isomor-
phism on the G7-flux twisted real cohomology of the
3-sphere bundle over extended M-super-spacetime:
eC6 ∧ F ′ =
∫
S3
eP6 ∧ pi∗ (eC6 ∧ F) , (7)
where now pi, pi′ denote the two projections from the
fiber product of the 3-sphere bundle with itself. This
yields an isomorphisms in twisted cohomology
H•+G˜7(Y 11M ) '
∫
S3
eP6∧pi∗(−)
// H•+G˜7(Y 11M ) . (8)
as may be seen from the following argument. The
higher Poincare´ form is P6 = pi′∗(C3) ∧ pi∗(C3) and
let us uniquely decompose any cochain as
F = Fnw + C3 ∧ Fw , (9)
i.e., into the coefficients of its components that wrap
(w) or do not wrap (nw) the 3-sphere fiber. Conse-
quently, we find that∫
S3
eP6pi∗(F)
=
∫
S3
(
(1 + pi′∗(C3) ∧ pi∗(C3)) ∧ (pi∗(Fnw) + pi∗(C3) ∧ pi∗(Fw))
)
=
∫
S3
pi∗(C3) ∧
(
pi∗(Fw)− pi′∗(C3) ∧ pi∗(Fnw)
)
+
∫
S3
( · · · )︸ ︷︷ ︸
=0
= −Fw + C3 ∧ Fnw .
(10)
This shows that the formula (7) acts as a linear
isomorphism on cochains, given by exchanging 3-
spherical wrapping modes with non-wrapping modes
– just as befits a higher T-duality. To see that this
indeed induces an isomorphism in 7-twisted coho-
mology it is thus sufficient to check that this opera-
tion intertwines the 7-twisted differentials. Straight-
forward computation reveals that this is the case
4precisely due to the special form (3) of the 7-form
flux! For more mathematical details we refer the
reader to [12, Theorem 3.17].
Here we instead amplify the resulting physics: The
7-twisted M-theoretic flux eC6 ∧F , which is thereby
a new effect seen in M-theory, ought to couple to
whatever it is on which M5-branes may end. This
is a very interesting subject of current investigation.
Nevertheless, we can identify its string theory limit:
We invoke Horˇava-Witten theory [29] in order to re-
strict them to a 10-dimensional heterotic supergrav-
ity boundary of 11-dimensional superspacetime. On
this boundary the M5-brane flux G˜7 restricts to the
NS5-brane flux H7 and hence we deduce that the
M-theoretic G˜7-twisted flux e
C6 ∧F becomes in het-
erotic string theory an H7-twisted flux e
B6 ∧ Fhet.
G˜7
eC6 ∧ F
}
 M/HET duality //
{
H7
eB6 ∧ Fhet (11)
Precisely this had been identified in [30]: Fhet2
must be the heterotic gauge field strength and
Fhet8 its 10-dimensional Hodge dual. The fact that
these jointly form an H7-twisted cocycle follows [30]
from the Green-Schwarz anomaly cancellation mech-
anism, i.e. from the twisted Bianchi identity
dH ∝ tr (Fhet2 ∧ Fhet2 )
for the NS 3-form flux. This is, of course, the origin
of all string theory unification.
T-duality Higher T-duality
Torus bundle
MC 1-form θ
3-sphere bundle
MC 3-form C3
517-torus bundle
decomposable Cexc3
String
H3 + θ ∧ F ′2
M5-brane
G7 +
1
2C
(exc)
3 ∧G4
D-branes
eB2 ∧ C
Exotic M(9)-branes?
eC6 ∧ F
One may ask more generally whether higher T-
duals exist and are unique in our supersymmetric
context. For bosonic (rational) spherical T-duality
this is discussed in [20, 21], but we amplify that here,
using [12], we are considering higher T-duality con-
structed via supersymmetry. We believe this ques-
tion deserves to be fully addressed elsewhere.
EXCEPTIONAL GENERALIZED
SUPER-GEOMETRY
Now we elucidate the subtlety that spherical T-
duality of M5-branes acts not on internal spaces
within super-spacetime, but rather on the M2-gerbe
over the total spacetime. To do so, we ask for pa-
rameterization of that super 2-gerbe by an ordinary
super-space, such that it still serves as a target space
for the M5-brane sigma-model.
Exceptional-generalized
super-geometry︸ ︷︷ ︸
Super 2-gerbe
over super-spacetime︸ ︷︷ ︸
R10,1|32exc,s
φs // m2brane
ΣM5
Sigma-model-
& gauge-field
EE
U-duality equivariant
sigma-model- & gauge-field
EE
By the analysis in [12] we may achieve this by re-
interpreting the “hidden” DF-algebra of the super-
gravity literature [26, 31, 32] as being the algebra of
super-symmetric differential forms on this parameter
superspace, which thereby is identified as a super-
geometric refinement R10,1|32exc,s of the M-theoretic ex-
ceptional generalized geometry proposed in [24]:
R10,1|32exc,s ' R10,1|32︸ ︷︷ ︸
Spacetime
⊕ 32︸ ︷︷ ︸
Super-spacetime
⊕ ∧2(R10,1)∗ ⊕ ∧5(R10,1)∗
︸ ︷︷ ︸
Exceptional-generalized spacetime
⊕ 32
︸ ︷︷ ︸
Exceptional-generalized Super-spacetime
Thus we discover that the relevant parameterization
renders the M5-brane a plain (non-gauged) sigma-
model on exceptional spacetime, as recently pro-
posed in [33]. Under this identification, the com-
parison map φs pulls back the universal C-field c3
to a decomposable form:
cexc,s = φ
∗
s(c3) . (12)
We observe that this decomposition is indeed what
makes the idea of exceptional-generalized geometry
work: Each choice of section (linear splitting) of the
5exceptional tangent bundle
Moduli space
Classifying map
R10,1|32exc,s
piexc,s

Spacetime R10,1|32
σ
DD
allows to pull-back the universal decomposed C-field
and thus induce an actual C-field configuration sat-
isfying the M2-brane super-torsion constraint ([18]):
d(σ∗cexc,s)︸ ︷︷ ︸
C-field
configuration
= i2ψΓabψ ∧ ea ∧ eb
︸ ︷︷ ︸
Torsion constraint
. (13)
This leads to the following characterizations:
1. Each of the fermionic extensions R10,1|32exc,s of
the exceptional super-spacetime R10,1|32, for each
nonzero real parameter s, serves as a moduli space
for C-field configurations.
2. The decomposed C-field cexc,s in CE(R10,1|32exc,s )
is the corresponding universal field on the moduli
space, whose pullback along classifying maps σ yield
the actual C-field configurations on super-Minkowski
spacetime.
TRANSMUTATION OF 3-SPHERES TO
517-TORI
We next ask whether the spherical T-duality of
M5-branes passes along the decomposition map to
the exceptional-generalized superspacetime. If we
think of the latter as compactified, this means to
trade the original rational 3-sphere for a 517-torus
(517 = 528 − 11) with tangent space ∧2(R10,1)∗ ⊕∧5(R10,1); see the picture on p. 2.
Intuitively it might seem that a duality embodied
by exchanging 3-spherical wrapping/non-wrapping
modes has no chance to be retained if the 3-sphere is
replaced by a (high-dimensional) torus. Concretely,
the issue is that the unique wrapping/non-wrapping
decomposition of (9) is used in the proof of the du-
ality (10), which does generally hold for actual 3-
sphere bundles but not necessarily for higher torus
bundles. But with [12] we may observe that this
uniqueness of 5-brane wrapping modes is mathemat-
ically expressed by the cohomology of the operation
of taking the wedge product with the decomposed
C-field (12). In [12] this is called the C-cohomology
of the exceptional generalized super-spacetime:
C-cohomology =
kernel(cexc,s ∧ (−))
image(cexc,s ∧ (−)) . (14)
An argument in homological algebra computations
reveals that the criterion for 3-spherical T-duality to
be retained on exceptional super-spacetime is that
the Spin-invariant C-cohomology of the decomposed
C-field vanishes.
Concrete computation shows [12] that the C-
cohomology is concentrated on invariant fermionic
multiples of the volume form vol528 of the 528-
dimensional exceptional tangent bundle. We indi-
cate how this comes about: First, we may write the
decomposed C-field as the sum of a bosonic and a
bifermionic contribution:
cexc,s = (cexc,s)bos + (cexc,s)ferm . (15)
Now from [26, 31, 32] one finds that the fermionic
part turns out to be an odd-symplectic form of the
schematic form
(cexc,s)ferm = (ηα ∧ ψβ)ΓαβA EA (16)
for (EA) = (ea, Ba1a2 , Ba1,··· ,a5) the exceptional-
generalized vielbein. Then an argument that builds
on [34] shows that already the C-cohomology of the
bifermionic component is concentrated on the invari-
ant combinations of ψ times the 528-volume form. If
we introduce on supersymmetric forms the bigrad-
ing by bosonic form-degree nbos and fermionic form-
degree nferm then these classes correspond to the
dots in the following diagram:
.. .
(522,6)• d1 //
d2
&&d3
$$
(525,3)•
nbos−nferm/2(528,0)
//•
nferm/2 OO
6Finally, a standard argument from homological al-
gebra (a “double complex spectral sequence”) shows
that the C-cohomology of the full decomposed
C-field is obtained from that of its bifermionic
summand by passing to the joint cohomology of
an infinite sequence of higher differentials dr, as
indicated in the diagram. Since in the present
case none of these differentials can go between two
non-trivial classes (two dots in the diagram) there is
in fact no further correction (“the spectral sequence
collapses”) and hence the claimed result follows.
This shows that 3-spherical T-duality of the
M5-brane does indeed pass to the 517-toroidal
exceptional-generalized supergeometry, except pos-
sibly for a slight “fuzziness” if G˜7-twisted cocycles
contain a summand proportional to vol528. It seems
plausible that this is not the case for any non-trivial
G˜7-twisted cocycle, but we leave this as an open
mathematical question.
TOROIDAL T-DUALITY ON EXCEPTIONAL
SUPER-SPACETIME
With a new M-theoretic kind of higher T-duality
on exceptional-generalized super-spacetime R10,1|32exc,s
thus established, it is curious to observe that, in fact,
there is also string-theoretic 517-toroidal T-duality
on the exceptional coordinates of R10,1|32exc,s over 11d
super-spacetime.
By [13], this is induced by the presence of a
a super-3-cocycle of the form of a T-dualizable
H-flux (1), and inspection [12] shows that such
may be extracted from the main spinorial Fierz-
identity [26, 31, 32] that controls the existence of
the exceptional-generalized supergeometry. It is of
the following form:
µ3 = (s+ 1)ea ∧ ψΓaψ −Ba1a2 ∧ ψΓa1a2ψ
+(1 + s6 )Ba1···a5 ∧ ψΓa1···a5ψ .
(17)
This reveals that there is a large exotic self-duality
structure on the “exceptional string sigma-model”
recently discussed in [35].
PARITY SYMMETRY IN M-THEORY
A famous exotic symmetry of 11-dimensional su-
pergravity is “parity symmetry”, which says that
the theory is invariant under an odd number of
spacetime-reflections if these are accompanied by
sending the C-field to its negative [36]
C3 7→ −C3 . (18)
We may observe [12] that this operation lifts to an
equivalence ρ∗ of M5-brane 7-flux-twisted cohomol-
ogy on exceptional-generalized super-spacetime, on
par with the spherical T-duality equivalence (8). For
this we declare that under spacetime-reflection the
exceptional-generalized super-vielbein transforms in
the following curious way:
The ordinary vielbein ea and the M5-wrapping
modes Ba1···a5 pick up a sign precisely when their
indices do contain a given direction being reflected,
while the M2-brane wrapping modes Ba1a2 pick up
a sign precisely if their indices do not.
Concrete computation shows that this yields a
self-equivalence of the same form as (8):
H•+µ˜M5,s (R10,1|32exc,s )
ρ∗−→' H
•+µ˜
M5,s (R10,1|32exc,s ) . (19)
This means that we should view parity and 3-
spherical T-duality as generators that jointly induce
a larger M-theoretic duality group which also con-
tains their composite operation:
H•+µ˜M5
'
ρ∗
&&
H•+µ˜M5
'
∫
S3
eP6∧pi∗(−)
88
'
‘Paritized’
3-spherical T-duality
// H•+µ˜M5 .
(20)
Indeed, this is compatible with the results of parity
in the topological sector in [41].
Theories describing multiple membranes should
preserve parity, which places constraints on the
structure constants appearing in the Lagrangian
[38]. Chern-Simons-matter theories describing frac-
tional M2-branes [37], arising from backgrounds
AdS4×S7/Zk with torsion class in H4(S7/Zk;Z) ∼=
Zk, lead to symmetries of the form U(n + `)k ×
7U(n)−k, where k is the Chern-Simons level. The
parity symmetry acting as C3 7→ −C3 takes k to
−k and then G4 7→ k −G4, so that the rank ` goes
to ` − k in structure groups of level −k [37]. Our
results seem to place these theories in the context
of our higher T-duality, but we leave this for future
investigation.
From global geometric and topological perspec-
tive, M-theory is parity invariant, and so should in
principle be formulated in a way that makes sense on
unoriented, and possibly orientable manifolds (see
[41]). We hope that our formulation provides some
insight into this problem.
Now we consider the degree four field to be cap-
tured by an E8 bundle over spacetime, as in [39][40]
[41], characterized by an integral degree four class a.
When the Pontrjagin class is zero, the parity trans-
formation acts on the degree four classes as a 7→ −a
and G4 7→ −G4. Note that E8 and SU(2) have the
same topology (namely, rational homotopy and co-
homology) in the range of dimensions of M-theory, so
that we view our E8 bundle over an 11-dimensional
base space as a 3-sphere bundle. Taking two such
bundles E and E′ with classes a and −a, respec-
tively, then puts the two bundles as a parity dual
pair, which fits into our discussion of T-duality for
rational sphere bundle as a special case. A parity-
invariant formulation of the E8 model is given in
[41] by passing to the orientation double cover Yd of
spacetime Y which we could use here.
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